CHAPTER VI

HUBERT SPACES

Hilbert spaces constitute at present the most important examples of
Banach spaces, not only because they are the most natural and closest
generalization, in the realm of" infinite dimensions," of our classical euclidean
geometry, but chiefly for the fact that they have been, up to now, the most
useful spaces in the applications to functional analysis. With the exception
of (6.3.1), all the results easily follow from the definitions and from the
fundamental Cauchy-Schwarz inequality (6.2.4).

1. HERMITIAN FORMS

For any real or complex number A, we write I for its complex conjugate
(equal to A if 1 is real). A hermitian form on a real (resp, complex) vector
space E is a mapping / of E x E into R (resp. C) which has the following
properties:

(I)                  f(x + X', y) =/(*, y) +/(*', y),

(II)                 f(x,y + y')=f(x,y)+f(x,y'\

(III)
(IV)

(V)                      f(y,x)=f(x,y).

(Observe that (II) and (IV) follow from the other identities; (V) implies
that f(x, x) is real.) When E is a real vector space, conditions (I) to (IV)
express that / is bilinear and (V) boils down to f(y,x)=f(x,y), which

115of akl, ..., akn.
